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Radiative and Non-Radiative Exciton Energy Transfer in Monolayers of
Two-Dimensional Transition Metal Dichalcogenides
Christina Manolatou, Haining Wang, Weimin Chan, Sandip Tiwari, Farhan Rana
School of Electrical and Computer Engineering, Cornell University, Ithaca, NY 14853∗
We present results on the rates of interlayer energy transfer between excitons in two-dimensional
transition metal dichalcogenides (TMDs). We consider both radiative (mediated by real photons)
and non-radiative (mediated by virtual photons) mechanisms of energy transfer using a unified
Green’s function approach that takes into account modification of the exciton energy dispersions as
a result of interactions. The large optical oscillator strengths associated with excitons in TMDs re-
sult in very fast energy transfer rates. The energy transfer times depend on the exciton momentum,
exciton linewidth, and the interlayer separation and can range from values less than 100 femtosec-
onds to more than tens of picoseconds. Whereas inside the light cone the energy transfer rates
of longitudinal and transverse excitons are comparable, outside the light cone the energy transfer
rates of longitudinal excitons far exceed those of transverse excitons. Average energy transfer times
for a thermal ensemble of longitudinal and transverse excitons is temperature dependent and can
be smaller than a picosecond at room temperature for interlayer separations smaller than 10 nm.
Energy transfer times of localized excitons range from values less than a picosecond to several tens of
picoseconds. When the exciton scattering and dephasing rates are small, energy transfer dynamics
exhibit coherent oscillations. Our results show that electromagnetic interlayer energy transfer can
be an efficient mechanism for energy exchange between TMD monolayers.
I. INTRODUCTION
The optoelectronic properties of 2D transition metal
dichalcogenide (TMD) monolayers are dominated by ex-
citons1–3. Distinguishing features of the excitons in 2D
metal dichalcogenides are the large exciton binding ener-
gies and the strong exciton-photon interactions1–7. Re-
cently, exciton-polaritons have been also studied exper-
imentally and theoretically in these materials7–10. The
strong exciton-photon coupling results in spontaneous
emission radiative lifetimes in the hundreds of femtosec-
onds range7,11–13. The strong exciton-photon coupling
suggests that the rates for interlayer energy transfer be-
tween excitons in parallel TMD monolayers would also
be fast.
In electronically coupled 2D TMD monolayers, ultra-
fast energy transfer via interlayer charge transfer has
been observed14–16. In this work, we study the rate
yx
z
d
M
X
Layer a
Layer b
Energy Transfer
FIG. 1: Exciton energy transfer between two parallel TMD
layers separated by a distance d along the z-axis.
of transfer of energy between excitons in parallel TMD
monolayers as a result of electromagnetic coupling. The
mechanism for this energy exchange could be both ra-
diative (mediated by propagating photons for exciton
states within the light cone7) or non-radiative (medi-
ated by evanescent photons that are bound to the exciton
states outside the light cone in an isolated TMD layer as
exciton-polaritons but can mediate energy exchange be-
tween two TMD layers if the two TMD layers are close
enough). The latter mechanism is the same as the well
known Forster resonance energy transfer (FRET) mech-
anism due to dipole-dipole coupling25. However, the use
of the standard FRET dipole-dipole energy exchange for-
mulas in the present case gives erroneous results since it
ignores the retarded nature of the exciton interlayer inter-
action27,28. The quantum electrodynamic Green’s func-
tion approach used here treats both these mechanisms on
equal footing while taking into account the corrections to
the longitudinal and the transverse exciton energy disper-
sion relations due to coupling with the radiation.
The energy transfer times depend on the exciton mo-
mentum, exciton intralayer scattering rates, and the in-
terlayer separation. Our results show that the large exci-
ton optical oscillator strengths in TMDmonolayers result
in energy transfer times shorter than 100 fs for longitudi-
nal excitons for interlayer spacings smaller than 10 nm.
Average energy transfer times for a thermal ensemble of
longitudinal and transverse excitons can be smaller than
a picosecond. We also consider localized excitons and find
that localized longitudinal excitons can also have energy
transfer times shorter than a picosecond for interlayer
spacings smaller than 10 nm. If the exciton scattering
rates are fast, energy transfer involves a simple decay
of energy from one layer to the other. If the exciton
scattering rates are slow, energy transfer dynamics can
exhibit coherent oscillations. Conditions for observing
2such oscillations are discussed in this paper. Our results
show that electromagnetic interlayer energy transfer can
be an efficient mechanism for energy exchange between
electronically uncoupled TMD monolayers and can even
compete with the interlayer charge transfer mechanism
in the case of electronically coupled TMD layers.
Section II discusses exciton states in TMDs, longitu-
dinal and transverse excitons in TMDs, and the Hamil-
tonian terms that describe exciton-photon interaction in
TMDs. Sections III and IV present the main results
of this paper on the energy transfer rates between two
TMD layers. Section V presents numerical results for
energy transfer rates between two MoS2 layers. Section
VI considers the case where the exciton intralayer scat-
tering and dephasing rates are small and energy trans-
fer dynamics exhibit coherent oscillations. Sections VII
and VIII discuss some special cases, including that of
localized excitons and energy transfer between excitons
and free electron-hole pairs in TMD heterolayers. The
Appendix discusses exciton self-energies and energy dis-
persions in TMD monolayers in the presence of exciton-
photon interaction.
Although most of the numerical results presented in
this paper are for MoS2 monolayers, the analysis and the
results presented are expected to be relevant to all TMDs,
and are expected to be useful in realizing new kinds of
metal dichalcogenide optoelectronic devices based on en-
ergy transfer.
II. PRELIMINARIES
A. Energy Bands in TMDs
The conduction and valence bands in monolayer TMDs
near the K and K ′ points in the Brillouin zone are de-
scribed by the Hamiltonian7,[
∆/2 h¯vk−
h¯vk+ −∆/2 + λτσ
]
(1)
Here, ∆ is related to the material bandgap, σ = ±1
stands for the electron spin, τ = ±1 stands for the K
and K ′ valleys, 2λ is the splitting of the valence band
due to spin-orbit coupling, k± = τkx ± iky, and the ve-
locity parameter v is related to the coupling between the
orbitals on neighboring M atoms. From density func-
tional theories18,19, v ≈ 5−6×105 m/s. The wavevectors
are measured from the K(K ′) points. The d-orbital ba-
sis used in writing the above Hamiltonian are |dz2〉 and
(|dx2−y2〉+ iτ |dxy〉)/
√
220. We will use the symbol s for
the combined valley (τ) and spin (σ) degrees of freedom.
The intravalley momentum matrix element between the
conduction and valence band states near K(K ′) points
follows from the above Hamiltonian,
~Pvc,s(~k
′, ~k) = 〈vv,~k′,s| ~ˆP |vc,~k,s〉
= mov
[
(xˆ+ iτ yˆ) cos(θ~k′,s/2) cos(θ~k,s/2)e
−iτ(φ~k′+φ~k)/2
−(xˆ− iτ yˆ) sin(θ~k′,s/2) sin(θ~k,s/2)eiτ(φ~k′+φ~k)/2
]
(2)
Here, mo is the free electron mass, φ~k is the phase of the
wavevector ~k, and,
cos(θ~k,s) =
∆s
2
√
(∆s/2)2 + (h¯vk)2
(3)
Near the band extrema, cos(θ~k,s)→ 1 and ~Pvc,s(~k′, ~k)→
mov (xˆ+ iτ yˆ)e
−iτ(φ~k′+φ~k)/2.
B. Exciton States in TMDs
Exciton states in TMDs have been discussed in detail
in several published works4–7,17. We assume an undoped
intrinsic TMD layer. The creation operator for an exciton
state with center-of-mass momentum ~Q is defined as7,17,
B†~Q,s,α =
1√
A
∑
~k
ψ~Q,s,α(
~k)c†~k+λe ~Q,s
b~k−λh ~Q,s (4)
c~k,s and b~k,s are the destruction operators for the con-
duction band and valence band electron states, respec-
tively, ψ~Q,s,α(
~k) is the exciton relative wavefunction, and
A is the area of the TMD monolayer. λe = me/mex,
λe = mh/mex, mex = me +mh, where me, mh, and mex
are the effective masses of electrons, holes, and excitons,
respectively7. The subscript α corresponds to the differ-
ent bound exciton levels. Only optically active exciton
levels (whose relative wavefunction have a non-zero am-
plitude at zero relative distance) will be considered here.
The exciton Hamiltonian can be written approximately
as,
Hex =
∑
~Q,α,s
Eex,α( ~Q)B
†
~Q,s,α
B~Q,s,α (5)
Here, Eex,α( ~Q) is the exciton energy measured with re-
spect to the ground state consisting of a filled valence
band and an empty conduction band.
C. Exciton-Photon Interaction in TMDs:
Exciton-Polaritons
The quantized radiation field is22,
~A(~r) =
∑
~q,j
√
h¯
2ǫoωq
[
nˆ~q,ja~q,j + nˆ
∗
−~q,ja
†
−~q,j
] ei~q.~r√
V
=
∑
~q,j
√
h¯
2ǫoωq
~R~q,j
ei~q.~r√
V
(6)
Here, nˆ~q,j for j = 1, 2 are the field polarization vec-
tors and a~q,j is the field destruction operator for a mode
3with wavevector ~q and frequency ωq. We assume a TMD
monolayer occupying the x − y plane located at z along
the z-axis. The interaction between the electrons and
photons is given by the Hamiltonian,
Hint =
∑
j,s
H+j,s +H
−
j,s (7)
where,
H−j,s =
e
mo
∑
~q,~k‖,α
√
h¯
2V Aǫoωq
e−iqzz ×
~R−~q,j · ~Pvc,s(~k‖ − λh~q‖, ~k‖ + λe~q‖)ψ~q‖,s,α(~k‖)B~q‖,s,α
(8)
and H+j,s = [H
−
j,s]
†. We have expressed the field wavevec-
tor ~q in terms of the in-plane component, ~q‖, and the
out-of-plane component, qz zˆ.
1. Transformation to Decoupled Longitudinal and
Transverse Exciton Basis
Excitons belong to a particular valley (K orK ′) are not
the eigenstates in the presence of long-range dipole-dipole
interactions7. It is therefore convenient to switch exci-
tons basis. Transverse and longitudinal exciton states,
which are superspositions of exciton states belonging to
the two valleys, are a much better choice. Transverse ex-
citon exciton states couple with only TE polarized (or s-
polarized) radiation and longitudinal exciton states cou-
ple with only TM polarized (or p-polarized) radiation7.
We define creation operators for transverse (T ) and lon-
gitudinal (L) exciton states as follows,
B†~q‖,L,α =
1√
2
[
e
−iφ~q‖B†~q‖,τ=1,α + e
iφ~q‖B†~q‖,τ=−1,α
]
B†~q‖,T,α =
i√
2
[
e
−iφ~q‖B†~q‖,τ=1,α − e
iφ~q‖B†~q‖,τ=−1,α
]
(9)
We also define exciton operator C~q‖,L/T,α and photon
operator R~q,L/T as,
C~q‖,L/T,α = B~q‖,L/T,α +B
†
−~q‖,L/T,α
R~q,L/T = a~q,L/T + a
†
−~q,L/T (10)
The optical matrix element can be expressed in terms of
χex,α(~r, ~q‖),
χex,α(~r, ~q‖) =
∫
d2~k‖
(2π)2
~Pvc,s(~k‖ − λh~q‖, ~k‖ + λe~q‖).xˆ
×ψ~q‖,s,α(~k‖)ei
~k‖.~r (11)
Using these definitions, the exciton-photon Hamiltonian
becomes,
Hint = HL +HT (12)
where,
HL =
e
mo
∑
~q,α
√
Ah¯
V ǫoωq
e−iqzz ×
χex,α(~r = 0, ~q‖)
|qz |
q
R−~q,L C~q‖,L,α
HT =
e
mo
∑
~q,α
√
Ah¯
V ǫoωq
e−iqzz ×
χex,α(~r = 0, ~q‖)R−~q,T C~q‖,T,α (13)
The basis transformation decouples the longitudinal and
transverse exciton-polaritons. In what follows we will
assume that χex,α(0, ~q‖) is real. If it had a phase, it
could be absorbed in φ~q‖ used to define the operators
B~q‖,L/T,α above.
2. The Quadratic Part of the Interaction Hamiltonian
The interaction Hamiltonian used above ignores the
quadratic vector potential terms7,21. Following Girlanda
et al.21, the form of these extra term is found to be,
Hˆ ′int = Hˆ
′
L + Hˆ
′
T
Hˆ ′L =
∑
~Q,α
Eex,α( ~Q)
×

 e
mo
∑
~q
δ~q‖, ~Q
√
Ah¯
V ǫoωq
eiqzz
|χex(0, ~q‖)|
Eex,α(~q‖)
|qz|
q
R~q,L


×

 e
mo
∑
~k
δ~k‖, ~Q
√
Ah¯
V ǫoωk
e−ikzz
|χex(0, ~k‖)|
Eex,α(~k‖)
|kz |
k
R−~k,L


Hˆ ′T =
∑
~Q,α
Eex,α( ~Q)
×

 e
mo
∑
~q
δ~q‖, ~Q
√
Ah¯
V ǫoωq
eiqzz
|χex(0, ~q‖)|
Eex,α(~q‖)
R~q,T


×

 e
mo
∑
~k
δ~k‖, ~Q
√
Ah¯
V ǫoωk
e−ikzz
|χex(0, ~k‖)|
Eex,α(~k‖)
R−~k,T


(14)
These terms must be added to the interaction Hamilto-
nian when expressions for the exciton self-energies are
calculated7.
D. Exciton Spectral Density Functions
We define the exciton Green’s function G<~Q,L/T,α(t−t
′)
as follows23,
G<~Q,L/T,α(t− t
′) = − i
h¯
〈B†~Q,L/T,α(t
′)B~Q,L/T,α(t)〉 (15)
4The angular brackets indicate averaging with respect to
an ensemble of excitons. In the frequency domain,
G<~Q,L/T,α(ω) = −
i
h¯
A~Q,L/T,α(ω)n
B
~Q,L/T,α
(ω) (16)
Here, A~Q,L/T,α(ω) is the exciton spectral density func-
tion and nB~Q,L/T,α(ω) is the exciton occupation factor and
equals the Bose-Einstein factor in thermal equilibrium.
Most other exciton Green’s functions can be obtained
from the spectral density function23, which incorporates
effects due to exciton-photon interaction as well as intra-
layer exciton scattering. The average exciton number is,
〈n~Q,L/T,α〉 = 〈B†~Q,L/T,αB~Q,L/T,α〉
=
∫
dω
2π
ih¯G<~Q,L/T,α(ω) (17)
The spectral density functions satisfy the sum rule,∫
dω
2π
A~Q,L/T,α(ω) = 1 (18)
The energy dispersions Eex,L/T,α( ~Q) and the spectral
density functions of the transverse and longitudinal ex-
citons in the presence of exciton-photon interaction can
be found from the corresponding retarded Green’s func-
tions7, as shown in the Appendix. A convenient phe-
nomenological choice for A~Q,L/T,α(ω) is a Lorentzian,
A~Q,L/T,α(ω) =
2h¯Γ~Q,L/T,α
(h¯ω − Eex,L/T,α( ~Q))2 + Γ2~Q,L/T,α
(19)
The FWHM exciton linewidth is 2Γ~Q,L/T,α. The one
instance where the above simple Lorentzian form does
not work well is in the case of the transverse excitons
right when the spectral weight shifts between the two
branches of the polariton dispersion when moving from
inside the light cone to outside the light cone (see the
Appendix).
III. RATES OF EXCITON ENERGY TRANSFER
We consider two parallel (not necessarily identical)
electronically decoupled (but electromagnetically cou-
pled) TMD monolayers, labeled a and b, located at z = 0
and z = d, respectively, as shown in the Figure 1. We
assume that the exciton intralayer scattering and dephas-
ing rates are fast so that energy transfer dynamics can
be described as a simple decay. The case where exciton
scattering and dephasing rates are slow and coherent dy-
namics are important is discussed later in this paper in
Section VI. We calculate the average of the rate of change
of the number of excitons with in-plane momentum ~Q in
layer a as result of electromagnetic coupling to layer b.
Exciton
Exciton
PhotonPhoton
 ZDo aqG ,,||*
 Zo qq zD ,||* Zo kq zD ,||*
 ZEo bqG ,,||*
 ZD,,|| aqG *
 ZE,,|| bqG *
 Zo kq zD ,||*
 Zo qq zD ,||*
FIG. 2: Feynman diagrams representing the transfer of en-
ergy between an exciton in layer a and an exciton in layer b
by photon exchange. Green’s functions of excitons (straight
lines) and photons (wavy lines) are shown in the Figure. The
subscripts a and b stand for layer a and layer b, respectively.
Internal variables, qz and kz, are integrated over. (Left)
Processes involving bare Green’s functions. (Right) Dressed
Green’s functions.
The desired Heisenberg operator is,
n˙~Q,L/T,a,α =
dB†~Q,L/T,a,αB~Q,L/T,a,α
dt
= − i
h¯
[n~Q,L/T,a,α, Hint +H
′
int] (20)
Note that the layer index (a or b) is added to the
subscripts. We calculate the average of the operator
n˙~Q,L/T,a,α using the non-equilibrium Green’s function
technique23,
〈n˙~Q,L/T,a,α(t)〉 =
〈Tc
[
e
− ih¯
∫
c
(Hint(t′)+H′int(t
′))dt′ n˙~Q,L/T,a,α(t)
]
〉 (21)
Here, Tc stands for operator contour ordering along the
Keldysh contour c that runs from time −∞ to +∞ and
back23. The angled brackets stand for averaging with re-
spect to the initial density matrix at time −∞23. The
above expression can be evaluated in terms of Green’s
functions using standard perturbation techniques23. The
lowest order non-zero terms in the perturbative expan-
sion above give the rate of decrease of the exciton number
due to spontaneous emission into free-space, as discussed
by Wang et al.7. The terms relevant to the present dis-
cussion correspond to the Feynman diagrams depicted
in Figure 2 which represent energy transfer between the
excitons in the two layers. The bare exciton Green’s
functions of each layer in Figure 2 are dressed from, (i)
intra-layer photon interactions (or intra-layer long-range
dipole-dipole interactions), as discussed by Wang et al.7,
and from (ii) intra-layer interactions responsible for exci-
ton scattering assuming these interactions are included in
the Hamiltonian. The final result for the energy transfer
rate RE can be written in terms of the spectral density
functions of the excitons in the two layers. For the trans-
verse excitons we get,
RE = 〈n˙~Q,T,a,α(t)〉 = −
1
h¯2
∑
β
∫
dω
2π
5×A~Q,T,a,α(ω)A~Q,T,b,β(ω)
×
∣∣∣∣ηo e2m2oχex,a,α(0, ~Q)χex,b,β(0, ~Q)
∣∣∣∣
2
∣∣∣ei√ω2−Q2c2d/c∣∣∣2
|ω2 −Q2c2|
×
[
nB~Q,T,a,α(ω)− nB~Q,T,b,β(ω)
]
(22)
and for the longitudinal excitons we obtain,
RE = 〈n˙~Q,L,a,α(t)〉 = −
1
h¯2
∑
β
∫
dω
2π
×A~Q,L,a,α(ω)A~Q,L,b,β(ω)
×
∣∣∣∣ηo e2m2oχex,a,α(0, ~Q)χex,b,β(0, ~Q)
∣∣∣∣
2 ∣∣∣ei√ω2−Q2c2d/c∣∣∣2
×|ω
2 −Q2c2|
ω4
[
nB~Q,L,a,α(ω)− nB~Q,L,b,β(ω)
]
(23)
Note that the expressions above are valid for ω > Qc
(radiative transfer) as well as for ω < Qc (non-radiative
transfer) provided in the latter case the replacement√
ω2 −Q2c2 → i
√
Q2c2 − ω2 is made. The above ex-
pressions represent the main results of this work.
IV. DISCUSSION
The following points regarding the expressions above
need to be noted,
1. The rate of energy transfer depends on the overlap
of the spectral density functions of the excitons in
the two layers.
2. Outside the light cone, when ω < Qc, the energy
transfer is mediated via evanescent fields and the
rate of transfer decreases exponentially with inter-
layer separation d as ∼ e−2
√
Q2c2−ω2d/c.
3. The energy transfer rates depend inversely on the
exciton linewidth (and, therefore, the exciton in-
tralayer scattering rates) via the exciton spectral
density functions.
4. The energy transfer rates depend on the dielectric
constants (or the refractive indices) of the media
surrounding the two monolayers. In the simple case
when the media on either side of the layers and also
in between the layers have the same dispersionless
refractive index n, the impedance ηo and the speed
of light c in the above expressions get replaced by
ηo/n and c/n, respectively.
5. Since the exciton state belonging to one valley can
be considered a superposition of transverse and lon-
gitudinal exciton states, its energy transfer rate will
be the average of the energy transfer rates for the
transverse and longitudinal excitons.
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FIG. 3: The calculated energy transfer times for the low-
est energy 1s longitudinal (red dashed) and transverse (blue
solid) excitons in two parallel MoS2 monolayers are plot-
ted as a function of the exciton in-plane momentum Q for
different values of the interlayer separation d (d=5, 10, 25
and 50 nm). The value of the momentum Qo, defined by
h¯Qoc = Eex,1s(Qo), is ∼9.6 1/µm (see the Appendix). A
FWHM exciton linewidth of ∼30 meV is assumed.
6. In the static limit, Qc >> ω, the expressions for the
energy transfer rates obtained for the longitudinal
excitons have the same form as those obtained pre-
viously for quantum well excitons using the static
dipole-dipole interaction Hamiltonian28, which is to
be expected.
V. NUMERICAL RESULTS FOR THE EXCITON
ENERGY TRANSFER TIMES BETWEEN TWO
MOS2 MONOLAYERS
For numerical evaluations of the results, we assume two
identical and parallel MoS2 layers at a distance d. The
electronic and optical parameter values used for MoS2
monolayers are the same as those given previously6,7,17.
We first calculate the energy dispersions for the lowest
energy 1s longitudinal and transverse excitons (as de-
scribed in the Appendix), and then use these to compute
the energy transfer rates. In numerical calculations, a
momentum-independent scattering-limited FWHM exci-
ton linewidth of ∼30 meV is assumed. Figure 3 shows
the calculated energy transfer times for both longitudinal
and transverse excitons as a function of the exciton in-
plane momentum Q for different values of the interlayer
separation d (d=5, 10, 25 and 50 nm). The value of the
momentum Qo, defined by h¯Qoc = Eex,1s(Qo), is ∼9.6
1/µm (see the Appendix). For Q << Qo (inside the light
cone), the energy transfer is via the radiative mechanism
and the energy transfer time is almost independent of Q.
When Q ∼ Qo, the cusps in the energy transfer times
6follow the trends in the radiative lifetimes and the opti-
cal conductivities of longitudinal and transverse excitons
(see the Appendix). When Q > Qo (outside the light
cone), the energy transfer is via the non-radiative mecha-
nism (via evanescent waves). In the case of the transverse
excitons, the energy transfer rate decreases (and the en-
ergy transfer time increases) exponentially with the prod-
uct ∼ Qd (for large Q). In the case of the longitudinal
excitons, the energy transfer time first decreases with Q
because the in-plane component of the evanescent radia-
tion also increases with Q, and then the energy transfer
time increases exponentially with the product ∼ Qd (for
large Q). Note that for interlayer separations d less than
10 nm, the energy transfer times for the longitudinal ex-
citons can be in the hundreds of femtoseconds range or
even smaller. These results show the efficacy of the exci-
ton energy transfer mechanism in TMD monolayers.
Simple expressions for the energy transfer times
τE, ~Q,L/T,α can be found for two identical TMD layers
when Q < Qo and Q > Qo (i.e. away from Q = Qo)
assuming Lorentzian spectral density functions,
1
τE, ~Q,T,α
≈ h¯
2γ
(
2ηo
e2
m2o
|χex,α(0, ~Q)|2
)2
×e
2i
√
f~Q,T,αd/h¯c
|f ~Q,T,α|
(24)
1
τE, ~Q,L,α
≈ h¯
2γ
(
2ηo
e2
m2o
|χex,α(0, ~Q)|2
)2
×e2i
√
f~Q,L,αd/h¯c
|f ~Q,L,α|
E4ex,L,α(
~Q)
(25)
where γ = (Γ~Q,L/T,a,α + Γ~Q,L/T,b,α), f ~Q,L/T,α =
(E2ex,L/T,α(
~Q)− h¯2Q2c2), and
√
f ~Q,L/T,α = i
√
|f ~Q,L/T,α|
when f ~Q,L/T,α < 0 outside the light cone. For Q < Qo
(radiative energy transfer) the above expressions can be
written as,
1
τE, ~Q,L/T,α
≈ h¯
2γ
(
1
τsp, ~Q,L/T,α
)2
(26)
Here, τsp, ~Q,L/T,α is the spontaneous emission radia-
tive lifetime of excitons in a single TMD layer7 (see
the Appendix). In the case of two MoS2 monolayers,
τsp, ~Q≈0,L/T,1s is around 200 fs (for 1s excitons)
7. Assum-
ing FWHM exciton linewidths of ∼30 meV6,29 and ∼10
meV, the radiative energy transfer times are ∼3.6 ps and
∼1.2 ps, respectively. Although these times seem short,
the radiative energy transfer process will not be very ef-
ficient (efficiency less than ∼15%) because the sponta-
neous emission time is also very short and only a small
fraction of the photons emitted from one layer get ab-
sorbed by the other layer.
Despite the fast energy transfer rates for the longitudi-
nal excitons when Q > Qo, their contribution to the en-
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FIG. 4: The calculated average energy transfer times for a
thermal ensemble of (1s) longitudinal and transverse excitons
in two parallel MoS2 monolayers are plotted as a function of
the exciton temperature for different for different values of the
interlayer separation d (d=5, 10, 25 and 50 nm). The exciton
FWHM linewidth is assumed to be 30 meV.
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in two parallel MoS2 monolayers are plotted as a function of
the exciton temperature for different for different values of the
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ergy transfer process is expected to be limited by the rela-
tively small density of the longitudinal excitons in a ther-
mal ensemble of excitons since Eex,L,1s( ~Q) > Eex,T,1s( ~Q)
for Q > Qo (see the Appendix). Figure 4 shows the cal-
culated average energy transfer times for a thermal en-
semble of (1s) longitudinal and transverse excitons as a
function of the exciton temperature. The exciton den-
sity is assumed to be dilute enough such that the ex-
7citon chemical potential is less than the lowest exciton
energy level by at least several KT . The exciton FWHM
linewidth is assumed to be momentum-independent and
equal to 30 meV. Figure 5 shows the same results as-
suming that the exciton FWHM linewidth is 10 meV.
The results show that when the interlayer separation is
small then as the temperature increases, and the density
of the longitudinal excitons also increases relative to the
transverse excitons, the average energy transfer time de-
creases. However, when the interlayer separation is large,
and the energy transfer is by excitons with only small
momenta (Q < 1/d), an increase of the temperature re-
sults in an increase of the energy transfer time because
the exciton thermal distribution spills to larger momenta.
These results also show that the average energy transfer
times scale with the exciton FWHM linewidth and can
be shorter than a picosecond for interlayer separations
smaller than 10 nm and exciton linewidths narrower than
10 meV.
VI. COHERENT ENERGY TRANSFER
DYNAMICS
In the previous section we assumed that the intralayer
exciton scattering and dephasing rates are slow and en-
ergy transfer dynamics can be described as a simple de-
cay. Here we quantify this notion and also discuss coher-
ent interlayer energy transfer dynamics. First, we eval-
uate corrections to the exciton dispersions as a result of
interlayer radiative and non-radiative interactions.
We consider two parallel and identical electronically
decoupled (but electromagnetically coupled) TMDmono-
layers, labeled a and b, located at z = 0 and z = d, re-
spectively, as shown earlier in Figure 1. The analysis is
greatly simplified if we define operators for the in-phase
(’+’ exciton) and out-of-phase (’-’ exciton) excitons in
the two layers as follows34,
B~q‖,L/T,±,α =
B~q‖,L/T,a,α ±B~q‖,L/T,b,α√
2
(27)
The ’+’ and ’-’ excitons have their dipole moments
in-phase and out-of-phase, respectively. The retarded
Green’s functions and self-energies for the ’+’ and ’-’ ex-
citons can be found using the methods described in the
Appendix,
GR~q‖,L/T,±,α(ω) =
=
2Eex,α(~q‖)
[
1− 2ΣoR~q‖,L/T,±,α(ω)/Eex,α(~q‖)
]
(h¯ω)2 − Eex,α(~q‖)2 − 2 (h¯ω)
2
Eex,α(~q‖)
ΣoR~q‖,L/T,±,α(ω)
≈ 2Eex,α(~q‖)
(h¯ω)2 − Eex,α(~q‖)2 − 2 (h¯ω)
2
Eex,α(~q‖)
ΣoR~q‖,L/T,±,α(ω)
(28)
Here,
ΣoR~q‖,L/T,±,α(ω) = Σ
oR
~q‖,L/T,α
(ω)
[
1± ei
√
ω2−q2
‖
c2d/c
]
(29)
ΣoR~q‖,L/T,α(ω) is the retarded self-energy for excitons in
a single TMD layer and its expression was given previ-
ously7 (also see the Appendix). The expression above is
valid for ω > q‖c as well as for ω < q‖c provided in the
latter case the replacement
√
ω2 − q2‖c2 → i
√
q2‖c
2 − ω2
is made. It is clear from the above expression for the
self-energy that in the limit d → 0 the out-of-phase ’-’
excitons do not radiate whereas the radiative rates of the
in-phase ’+’ excitons are twice as fast as those of excitons
in a single TMD layer. The energy splitting between the
’+’ and ’-’ excitons due to interlayer interactions can be
estimated as,
∆~q‖,L/T,α =
Real
[
2ΣoR~q‖,L/T,α(ω)e
i
√
ω2−q2
‖
c2d/c
]
h¯ω=Eex,L/T,α(~q‖)
(30)
Since an exciton state in any one of the two TMD lay-
ers can be considered a superposition of the in-phase and
the out-of-phase exciton states, if the energy splitting
∆~q‖,L/T,α due to interlayer interactions is much larger
than the exciton linewidth due to intralayer scattering
and dephasing then coherent energy oscillations between
exciton states in the two layers are expected at the fre-
quency ∆~q‖,L/T,α/h¯, and energy transfer between the lay-
ers cannot be described as a simple decay of energy from
one layer to the other.
The calculated energy splittings between the ’+’ and
’-’ excitons are plotted in Figure 6 for the lowest energy
(1s) exciton state in two suspended MoS2 monolayers
as a function of the in-plane momentum Q for different
values of the interlayer spacing d (d=5, 10, 25 and 50
nm). Inside the light cone, the energy splittings are small
(less than 1-2 meV) for all values of d considered. The
energy splittings are smaller than the natural linewidth
of excitons in a single MoS2 layer due to radiative de-
cay. Consequently, coherent energy oscillations are not
expected for excitons inside the light cone. Outside the
light cone, the energy splittings for the longitudinal exci-
tons become large reaching values larger than ∼25 meV
for d less than 5 nm. However, these large energy split-
tings occur at large values of the exciton momenta where
exciton intralayer scattering is also expected to be fast
and the condition for coherent oscillations might be diffi-
cult to meet. If, outside the light cone, exciton scattering
rates are small then the coherent dynamics of the average
exciton layer number 〈n~Q,L/T,a/b,α〉 can be modeled by
the following equation similar to that of a damped simple
harmonic oscillator,[
d2
dt2
+
γ
h¯
d
dt
+
∆2~Q,L/T,α
h¯2
]
〈n~Q,L/T,a/b,α(t)〉 =
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FIG. 6: Calculated energy splittings between the ’+’ and ’-’
excitons are plotted for the transverse (blue-solid) and longi-
tudinal (red-dashed) excitons for the lowest energy (1s) ex-
citon state in two suspended MoS2 monolayers as a function
of the in-plane momentum Q for different values of the inter-
layer spacing d. The value of the momentum Qo, defined by
h¯Qoc = Eex,1s(Qo), is ∼9.6 1/µm
1
2
∆2~Q,L/T,α
h¯2
(31)
Here, γ = (Γ~Q,L/T,a,α + Γ~Q,L/T,b,α) is related to the ex-
citon scattering and dephasing rate and the appropriate
boundary conditions are,
n~Q,L/T,a,α(t = 0) = 1
n~Q,L/T,b,α(t = 0) = 0 (32)
If ∆~Q,L/T,α > γ/2, then the above equation predicts
damped oscillations at the frequency ∆~Q,L/T,α/h¯. On
the other hand, if ∆~Q,L/T,α << γ/2, then the above
equation gives a simple exponential decay of energy from
layer a to layer b at the rate ∆2~Q,L/T,α/(2h¯γ). This latter
result is almost exactly what was obtained earlier in (24)
and (25). In the absence of quantitative models or ex-
perimental data for exciton scattering in TMDs it is dif-
ficult to say if coherent energy oscillations are possible in
TMDs. In the case of localized excitons, discussed next,
momentum spread due to localization also contributes to
the decoherence of the oscillations.
VII. ENERGY TRANSFER RATES FOR
LOCALIZED EXCITONS
A. Energy Transfer Rates for a Localized Exciton
in Layer a and Free Excitons in Layer b
The analysis in the previous Sections shows that the
longitudinal excitons with momenta Q in the Qo < Q <
1/d range have the shortest energy transfer times but the
density of such excitons is relatively small in a thermal
ensemble at low temperatures thus limiting the average
energy transfer rates. Localized excitons, whose wave-
function is a superposition of exciton states of different
momenta, could overcome these limitations and exhibit
fast energy transfer rates even at low temperatures. We
consider an initial exciton state in layer a that is local-
ized in space in a region of size Lc. We assume that the
exciton wavefunction for the center of mass coordinate in
real and Fourier spaces is,
ψcom(~R) =
1√
πL2c
e−R
2/2L2c
ψcom( ~Q) =
√
4πL2ce
−Q2L2c/2 (33)
A localized exciton state can be constructed from the
ground state |ψo〉, corresponding to a filled valence band
and an empty conduction band, as follows7,
|ψL/T,a,α〉ex =
1√
A
∑
~Q
ψcom( ~Q)B
†
~Q,L/T,a,α
|ψo〉(34)
Assuming the above localized state as the initial
state, with a spectral density function AL/T,a,α(ω) with
HWHM linewidth of ΓL/T,a,α and centered at the energy
Eex,L/T,a,α, the rate of energy transfer to free excitons in
layer b for the transverse case is found to be,
RE = − 1
h¯2
∑
β
∫
d2 ~Q
(2π)2
|ψcom( ~Q)|2
×
∫
dω
2π
AT,a,α(ω)A~Q,T,b,β(ω)
×
∣∣∣∣ηo e2m2oχex,a,α(0, ~Q)χex,b,β(0, ~Q)
∣∣∣∣
2
∣∣∣ei√ω2−Q2c2d/c∣∣∣2
|ω2 −Q2c2|
×
[
nBT,a,α(ω)− nB~Q,T,b,β(ω)
]
(35)
and for the longitudinal case we obtain,
RE = − 1
h¯2
∑
β
∫
d2 ~Q
(2π)2
|ψcom( ~Q)|2
×
∫
dω
2π
AL,a,α(ω)A~Q,L,b,β(ω)
×
∣∣∣∣ηo e2m2oχex,a,α(0, ~Q)χex,b,β(0, ~Q)
∣∣∣∣
2 ∣∣∣ei√ω2−Q2c2d/c∣∣∣2
×|ω
2 −Q2c2|
ω4
[
nBL,a,α(ω)− nB~Q,L,b,β(ω)
]
(36)
Again note that the expressions above are valid for
ω < Qc (non-radiative transfer) provided the replace-
ment
√
ω2 −Q2c2 → i
√
Q2c2 − ω2 is made.
Simpler expressions can be obtained in some spe-
cial cases. Suppose there exists an exciton state β
with momentum Q∗ and a corresponding energy E∗ in
9layer b which satisfies the energy conservation relation
Eex,L/T,b,β(Q
∗) = Eex,L/T,b,β(Q = 0)+E
∗ = Eex.L/T,a,α.
If the exciton in layer a is strongly localized such that the
energy spread of the free excitons in layer b correspond-
ing to the momentum spread of the localized exciton in
layer a is much greater than γ = (ΓL/T,a,α+Γ~Q,L/T,b,α),
coherent oscillations will not be possible. If Q∗ < Qo
and Q∗ > Qo (i.e. away from Q
∗ = Qo) then, assuming
Lorentzian spectral density functions, the energy transfer
times can be written as,
1
τE,T,α
≈ πh¯
2
gex,T,b,β(E
∗)|ψcom(Q∗)|2
×
(
2ηo
e2
m2o
|χex,a,α(0, ~Q∗)χex,b,β(0, ~Q∗)|
)2
×e
2i
√
fT,a,αd/h¯c
|fT,a,α| (37)
1
τE,L,α
≈ πh¯
2
gex,L,b,β(E
∗)|ψcom(Q∗)|2
×
(
2ηo
e2
m2o
|χex,a,α(0, ~Q∗)χex,b,β(0, ~Q∗)|
)2
×e2i
√
fL,a,αd/h¯c |fL,a,α|
E4ex,L,a,α
(38)
where fL/T,a,α = (E
2
ex,L/T,a,α − h¯2Q2c2), and√
fL/T,a,α = i
√|fL/T,a,α| when fL/T,a,α < 0 outside the
light cone. Here, gex,L/T,b,β(E) is the density of states of
free excitons in layer b. Note that in this case the energy
transfer times do not depend on the scattering/dephasing
rate given by γ. Assuming α = β, the expressions above
differ from the corresponding expressions for free exci-
tons, given earlier in (24) and (25), by a multiplicative
factor of πγgex,L/T,b,α(E
∗)|ψcom(Q∗)|2. For strongly lo-
calized excitons, this factor is of the order of unity and
therefore energy transfer times for strongly localized 1s
excitons in MoS2, when plotted as a function of Q
∗, are
expected to be similar to those appearing in Figure (3).
B. Energy Transfer Rates for a Localized Exciton
in Layer a and a Localized Exciton in Layer b
We now consider the case in which the final exciton
state in layer b is also localized. The center of mass
wavefunctions of the excitons in layer a and b in real
space are centered at the in-plane vectors ~ρa and ~ρb,
respectively, and in momentum space these wavefunc-
tions are ψcom,a(~q‖)e
−i~q‖.~ρa and ψcom,b(~q‖)e
−i~q‖.~ρb , re-
spectively, where ψcom,a/b(~q‖) are as given earlier in (33).
The vector ~r connects the center of the exciton states,
~r = (~ρb − ~ρa) + dzˆ. The rate of energy transfer for the
transverse case is found to be,
RE = − 1
h¯2
∑
β
∫
dω
2π
AT,a,α(ω)AT,b,β(ω)
×
∣∣∣∣
∫
d3~q
(2π)3
ψ∗com,b(~q‖)ψcom,a(~q‖) e
i~q.~r 2c
ω2 − ω2q + iη
× ηo e
2
m2o
χex,a,α(0, ~q‖)χex,b,β(0, ~q‖)
∣∣∣∣
2
× [nBT,a,α(ω)− nBT,b,β(ω)] (39)
and for the longitudinal case we get,
RE = − 1
h¯2
∑
β
∫
dω
2π
AL,a,α(ω)AL,b,β(ω)
×
∣∣∣∣
∫
d3~q
(2π)3
ψ∗com,b(~q‖)ψcom,a(~q‖) e
i~q.~r 2c
ω2 − ω2q + iη
×
(
1−
q2‖
ω2/c2
)
ηo
e2
m2o
χex,a,α(0, ~q‖)χex,b,β(0, ~q‖)
∣∣∣∣∣
2
× [nBL,a,α(ω)− nBL,b,β(ω)] (40)
An interesting case is that of extremely localized excitons
for which Lc << h¯c/Eex,L/T,a/b and Lc << d. Assuming
wavevector independent values of χex,a/b,α/β(0, ~q‖) and
using the results,∫
d3~q
(2π)3
ei~q.~r
1
ω2 − ω2q + iη
= − e
iωc r
4πrc2
∫
d3~q
(2π)3
ei~q.~r
(
1− q
2
‖
ω2/c2
)
ω2 − ω2q + iη
= − e
iωc r
4πr3ω2
(
1− iω
c
r
)
(41)
the above expressions for RE , in the limit (ω/c)r << 1,
give a 1/r2 dependence of the energy transfer rate for the
transverse case and a 1/r6 dependence for the longitudi-
nal case. It is satisfying to note that the former result
corresponds to the classical inverse square law for radia-
tive energy transfer and the latter corresponds to the
standard Forster’s result for non-radiative energy trans-
fer via dipole-dipole interaction25,26. In the longitudinal
case, if one integrates the energy transfer rate over the in-
plane position ~ρb of the final exciton state, then the total
energy transfer rate will scale as 1/d4 with the interlayer
separation.
VIII. ENERGY TRANSFER RATES FOR AN
EXCITON IN LAYER a AND FREE
ELECTRON-HOLE PAIRS IN LAYER b
In many cases of practical interest where the optical
bandgaps and/or the exciton binding energies in two dif-
ferent TMD monolayers are very different, the energy
transfer can be from the excitons in the wider bandgap
TMD layer to the free electron-hole pairs in the narrower
bandgap TMD layer. For example, this could be the case
in two parallel monolayers of MoS2 and MoTe2
31.
We assume that an exciton in layer a with momentum
~Q decays into a free electron-hole pair in layer b. We
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assume that the energy emission and absorption remains
close to the conduction and valence band edges at K and
K ′ valleys so that the standard optical selection rules
are not violated. Since a free electron-hole pair can be
considered an unbound exciton, the expressions for the
rate of energy transfer between excitons given in the main
text are also valid for energy transfer between excitons
in layer a and free electron-hole pairs in layer b provided
the relative exciton wavefunction in layer b is assumed to
be a plane wave, the exciton energy dispersion in layer
b is replaced by that of a free electron-hole pair, and
the summation over the final exciton states (i.e. over β)
in layer b is replaced by a phase space integral over the
relative wavevector.
We assume that the free electron-hole pair in layer b
is described by the spectral density function A~k, ~Q,b(ω)
with HWHM linewidth Γ~k, ~Q,b. Here,
~k is the relative
momentum of the electron-hole pair and ~Q is the center
of mass momentum and the spectral density function is
centered at the energy Eg,b+ h¯
2k2/2mr,b+ h¯
2Q2/2mex,b.
mr,b is the reduced electron-hole mass in layer b, mex,b is
the exciton mass in layer b, and Eg,b is the bandgap of
layer b.
For the case of the transverse excitons in layer a we
get,
RE = 〈n˙~Q,T,a,α(t)〉 = −
1
h¯2
∫
d2~k
(2π)2
∫
dω
2π
×A~Q,T,a,α(ω)A~k, ~Q,b(ω)
×
∣∣∣∣ηo e2m2oχex,a,α(0, ~Q)χ~k,b( ~Q)
∣∣∣∣
2
∣∣∣ei√ω2−Q2c2d/c∣∣∣2
|ω2 −Q2c2|
×
{
nB~Q,T,a,α(ω)
[
fv(~k − λh,b ~Q)− fc(~k + λe,b ~Q)
]
−fc(~k + λe,b ~Q)
[
1− fv(~k − λh,b ~Q)
]}
(42)
and for the longitudinal excitons we obtain,
RE = 〈n˙~Q,L,a,α(t)〉 = −
1
h¯2
∫
d2~k
(2π)2
∫
dω
2π
×A~Q,L,a,α(ω)A~k, ~Q,b(ω)
×
∣∣∣∣ηo e2m2oχex,a,α(0, ~Q)χ~k,b( ~Q)
∣∣∣∣
2 ∣∣∣ei√ω2−Q2c2d/c∣∣∣2
×|ω
2 −Q2c2|
ω4
{
nB~Q,L,a,α(ω)
[
fv(~k − λh,b ~Q)
−fc(~k + λe,b ~Q)
]
− fc(~k + λe,b ~Q)
[
1− fv(~k − λh,b ~Q)
]}
(43)
fc/v are the layer b conduction and valence band elec-
tron occupation factors, and χ~k,b(
~Q) is related to the
interband momentum matrix element in layer b by the
expression,
χ~k,b(
~Q) = ~Pvc,s(~k − λh ~Q,~k + λe ~Q).xˆ
×ei
[
τφ~k+λe ~Q+τφ~k−λh ~Q
]
(44)
We define the momentum k∗ and the energy E∗ by the
energy conservation relations, Eex,L/T,a,α(Q) = Eg,b +
E∗ + h¯2Q2/2mex,b and E
∗ = h¯2(k∗)2/2mr,b. Given the
number of possible final states (corresponding to different
values of ~k) and the fast electron and hole scattering rates
in TMDs, we don’t expect coherent oscillations. Assum-
ing that the narrower bandgap material is in the ground
state with a full valence band and an empty conduction
band, the energy transfer times can be expressed as,
1
τE,T,α
≈ πh¯
2
gfree,b(E
∗)
×
(
2ηo
e2
m2o
|χex,a,α(0, ~Q)χ~k∗,b( ~Q)|
)2
×e
2i
√
f~Q,T,a,αd/h¯c
|f ~Q,T,a,α|
(45)
1
τE,L,α
≈ πh¯
2
gfree,b(E
∗)
×
(
2ηo
e2
m2o
|χex,a,α(0, ~Q)χ~k∗,b( ~Q)|
)2
×e2i
√
f~Q,L,a,αd/h¯c
|f ~Q,L,a,α|
E4ex,L,a,α(
~Q)
(46)
where f ~Q,L/T,a,α = (E
2
ex,L/T,a,α(
~Q) − h¯2Q2c2), and√
f ~Q,L/T,a,α = i
√
|f ~Q,L/T,a,α| when f ~Q,L/T,a,α < 0
outside the light cone. Here, gfree,b(E) is the joint
density of states for the creation of free electron-hole
pairs (per valley/spin) in layer b. Again note that the
energy transfer times do not depend on the scatter-
ing/dephasing rate. The expressions above differ from
the corresponding expressions for free excitons, given
earlier in (24) and (25), by a multiplicative factor of
πγgfree,b(E
∗)|χ~k∗,b( ~Q)/χex,a,α(0, ~Q)|2. This factor is ex-
pected to be much smaller than unity for most TMD
pairs. Still, the energy transfer times for longitudinal ex-
citons in layer a can range from a picosecond to tens of
picoseconds (depending on the initial exciton momentum
~Q and the magnitude of the joint density of states for free
electron-hole pair creation in layer b) for interlayer spac-
ings smaller than 10 nm.
As an example, we consider the case of MoS2 and
MoTe2 layers. The exciton energy in MoS2 is ∼1.9 eV
and the quasiparticle bandgap Eg,b of MoTe2 is ∼1.7 eV.
Assuming an exciton FWHM of 30 meV in MoS2 and pa-
rameters of MoTe2 as given in the literature
31, the value
of πγgfee,b(E
∗)|χ~k∗,b( ~Q)/χex,a,1s(0, ~Q)|2 is found to be in
the 0.07-0.08 range (for different momenta of the initial
exciton state in MoS2). Therefore, the energy transfer
times between (1s) excitons in MoS2 and free electron-
hole pairs in MoTe2 will be approximately 12-14 times
those given in Figure 3 for the case of 1s excitons in two
identical MoS2 layers.
11
IX. DISCUSSION AND CONCLUSION
In this paper we presented results on the energy trans-
fer rates between excitons in 2D TMD monolayers. The
results show that the energy transfer rates can be very
fast. Exciton energy transfer can potentially be used to
design novel optoelectronic devices with TMD monolay-
ers. To date, the authors are not aware of an experimen-
tal studies in this area. However, the results presented
in this paper can be easily tested experimentally.
The theory presented in this paper has certain limita-
tions and care needs to exercised when interpreting the
results and comparing these results with experiments:
1. The technique used in this paper is valid provided
the exciton optical conductivity6,29 σα(ω) satisfies
|ηoσα(ω)| << 1, which is typically the case in
TMDs6,29. If |ηoσα(ω)| ≥ 1, the vacuum field in
the vicinity of the TMD layers will get modified
and the expression for the field given in (6) will no
longer be valid. The field would then need to be
quantized in the presence of the TMD layers32, a
task beyond the scope of this paper.
2. In plotting all the results, a momentum-
independent exciton FWHM linewidth was used.
Exciton intralayer scattering and dephasing rates
are expected to depend on the exciton momen-
tum. Since the exciton energy transfer rates de-
pend, in most cases, on the exciton scattering
rates, a quantitative theory or experimental data
for momentum-dependent exciton scattering rate in
TMDs is needed for a better understanding of the
dependence of the energy transfer rates on exciton
momenta.
3. It is well known that radiation emission and absorp-
tion rates are affected by the presence of dielectric
interfaces33. Most experiments on TMD layers are
performed with the layers placed on dielectric sub-
strates. The influence of nearby dielectrics would
need to be taken into account in comparing theory
with experiments.
X. ACKNOWLEDGMENTS
The authors would like to acknowledge helpful discus-
sions with Jared Strait, Paul L. McEuen and Michael
G. Spencer, and support from CCMR under NSF grant
number DMR-1120296, AFOSR-MURI under grant num-
ber FA9550-09-1-0705, and ONR under grant number
N00014-12-1-0072.
XI. APPENDIX
A. Exciton Self-Energies in a Single TMD Layer
In this section, we calculate the exciton self-energy in
TMD monolayers. For the sake of simplicity we will as-
sume that there is only one significant exciton level la-
beled by α. The non-interacting (bare) retarded Green’s
function for the exciton field is23,
GoR~Q,L/T,α(t−t′) = −
i
h¯
θ(t−t′)〈[C~Q,L/T,α(t), C− ~Q,L/T,α(t′)]〉
(47)
The exciton operatorC~Q,L/T,α was defined earlier in (10).
In the Fourier domain the Green’s function is,
GoR~Q,L/T,α(ω) =
2Eex,α( ~Q)
(h¯ω)2 − Eex,α( ~Q)2 + iη
(48)
The non-interacting (bare) retarded radiation Green’s
function is defined as,
DoR~q,L/T (t− t′) = −
i
h¯
θ(t− t′) 〈[R~q,L/T (t), R−~q,L/T (t′)]〉
DoR~q,L/T (ω) =
2h¯ωq
(h¯ω)2 − (h¯ωq)2 + iη
(49)
First, we dress the radiation Green’s function with term
H ′int in the exciton-photon interaction Hamiltonian that
is quadratic in the vector potential (see Section (II C 2).
The resulting dressed Green’s functions DR~q,L/T (ω) can
be expressed in a form that will be useful later,∫
dqz
2π
h¯
ǫoωq
DR~q,T (ω) =∫
dqz
2π
h¯
ǫoωq
DoR~q,T (ω)
1− 2 e2m2o
|χex(0,~q‖)|2
Eex,α(~q‖)
∫
dqz
2π
h¯
ǫoωq
DoR~q,T (ω)
(50)
∫
dqz
2π
h¯
ǫoωq
|qz |2
q2
DR~q,L(ω) =∫
dqz
2π
h¯
ǫoωq
|qz |
2
q2 D
oR
~q,L(ω)
1− 2 e2m2o
|χex(0,~q‖)|2
Eex,α(~q‖)
∫ dqz
2π
h¯
ǫoωq
|qz|2
q2 D
oR
~q,L(ω)
(51)
The denominator on the right hand side in the above
equations is generally small and may be neglected. But
it plays an important role when off-shell exciton self-
energies are desired, as shown below. The Green’s func-
tions for the radiation field are gauge-dependent. It is
convenient to choose the temporal gauge in which the
scalar potential is set equal to zero (and need not be
taken into account separately)30. Henceforth, all results
will be given for the temporal gauge. The Dyson equa-
tion for the exciton Green’s function is,
GR~q‖,L/T,α(ω) =
GoR~q‖,L/T,α(ω)
[
1 + ΣR~q‖,L/T,α(ω) · GR~q‖,L/T,α(ω)
]
(52)
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where the retarded self-energies are found to be,
ΣR~q‖,T,α(ω) =
e2
m2o
|χex(0, ~q‖)|2
∫
dqz
2π
h¯
ǫoωq
DR~q,T (ω)
ΣR~q‖,L,α(ω) =
e2
m2o
|χex(0, ~q‖)|2
×
∫
dqz
2π
h¯
ǫoωq
(ω2 − q2‖c2)
ω2
DR~q,L(ω)
(53)
The dressed exciton Green’s functions become,
GR~q‖,L/T,α(ω) =
2Eex,α(~q‖)
(h¯ω)2 − Eex,α(~q‖)2 − 2Eex,α(~q‖)ΣR~q‖,L/T,α(ω)
=
2Eex,α(~q‖)
[
1− 2ΣoR~q‖,L/T,α(ω)/Eex,α(~q‖)
]
(h¯ω)2 − Eex,α(~q‖)2 − 2 (h¯ω)
2
Eex,α(~q‖)
ΣoR~q‖,L/T,α(ω)
≈ 2Eex,α(~q‖)
(h¯ω)2 − Eex,α(~q‖)2 − 2 (h¯ω)
2
Eex,α(~q‖)
ΣoR~q‖,L/T,α(ω)
(54)
Here, ΣoR~q‖,L/T,α(ω) is the same as Σ
R
~q‖,L/T,α
(ω) given in
(53) above except that the bare radiation Green’s func-
tion DoR~q,L/T (ω) is used in place of D
R
~q,L/T (ω). Finally the
exciton spectral density function A~q‖,L/T,α(ω) can be re-
lated to the retarded Green’s function as follows,
−2h¯ Imag
{
GR~q‖,L/T,α(ω)
}
= A~q‖,L/T,α(ω)−A~q‖,L/T,α(−ω)
(55)
When ω > q‖c (inside the light cone), both the self-
energies ΣR~q‖,L/T,α(ω) have a vanishingly small real part
and a large magnitude of the imaginary part. The lat-
ter corresponds to the radiative lifetime of the exciton.
The situation is reversed when ω < q‖c and then the
magnitude of the real part of the self-energy becomes
large and the imaginary part vanishes. Therefore, when
Eex,α(~q‖) > h¯q‖c (inside the light cone) one can ignore
corrections to the exciton dispersion, and the radiative
lifetime of the exciton can be related to the imaginary
part of the self-energy evaluated on the shell,
1
τsp,~q‖,L/T,α
= − 2
h¯
Imag
{
ΣR~q‖,L/T,α(ω)
}
h¯ω=Eex,α(~Q)
(56)
and, we get7,10,
1
τsp,~q‖,T,α
=
2ηoe
2
m2o
|χex(0, ~q‖)|2
1√
E2ex,α(~q‖)− (h¯q‖c)2
1
τsp,~q‖,L,α
=
2ηoe
2
m2o
|χex(0, ~q‖)|2
√
E2ex,α(~q‖)− (h¯q‖c)2
E2ex,α(~q‖)
(57)
(a)
(b)
Transverse
Longitudinal
FIG. 7: Calculated transverse and longitudinal exciton en-
ergy dispersions for the lowest energy (1s) exciton state in a
suspended MoS2 monolayer are plotted as a function of the in-
plane momentum Q. Also shown are the photon and the bare
exciton dispersion relations (dashed lines). (a) The transverse
exciton energy dispersion consists of two curves. The upper
curve has all the spectral weight for Q << Qo and the lower
curve gets all the weight when Q >> Qo, and the spectral
weight shifts from the upper curve to the lower curve around
Q ≈ Qo. (b) The dispersion for the longitudinal exciton con-
sists of only a single curve and the energy dispersion is linear
in Q for Q >> Qo.
When ω < q‖c and the self-energies are real, we get
7,10,
ΣR~q‖,T,α(ω) = −
ηoh¯
2e2
m2o
|χex(0, ~q‖)|2
E2ex,α(~q‖)
ω2√
(q‖c)2 − ω2
ΣR~q‖,L,α(ω) =
ηoh¯
2e2
m2o
|χex(0, ~q‖)|2
E2ex,α(~q‖)
√
(q‖c)2 − ω2
(58)
Note that the corrections obtained from H ′int, which
was quadratic in the vector potential, are important for
obtaining the correct expressions for the exciton self-
energies far off-shell.
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B. Exciton Energy Dispersions in a Single TMD
Layer
The exciton self-energy expressions given above can
be used to obtain energy dispersions, Eex,L/T,α(~q‖), for
the longitudinal and transverse excitons. The results are
shown in Figure 7 for the lowest energy (1s) exciton
state in a suspended MoS2 monolayer. We define Qo by
the equation Eex,1s(Qo) = h¯Qoc. The dispersion for the
transverse exciton consists of two curves (corresponding
to the distinct poles of the Green’s function). The upper
curve has all the spectral weight for Q << Qo and the
lower curve gets all the weight when Q >> Qo, and the
spectral weight shifts from the upper curve to the lower
curve around Q ≈ Qo. The dispersion for the longitudi-
nal exciton consists of only a single curve and the energy
dispersion is linear in Q for Q >> Qo. For Q > Qo,
Eex,L,1s( ~Q) > Eex,T,1s( ~Q). Therefore, in a thermal en-
semble of excitons, transverse exciton density is expected
to exceed the longitudinal exciton density. Note that
there are negligibly small corrections to the exciton dis-
persion within the light cone for both the transverse and
longitudinal excitons.
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